We study the level-expansion structure of the NS string field theory actions, mainly focusing on the modified (i.e. 0-picture in the NS sector) cubic superstring field theory. This theory has a non-trivial structure already at the quadratic level due to presence of the picture-changing operator. It is explicitly shown how the usual Maxwell and tachyon actions can be obtained after integrating out the auxiliary fields. We then discuss the reality of the action in the CFT language for all of modified cubic, Witten's cubic and Berkovits' non-polynomial theories. The tachyon condensation problems in modified cubic theory are re-examined. We also carry out level truncation analysis in vacuum superstring field theory proposed in our previous paper, and find some difficulties in both of cubic and non-polynomial formulations.
Introduction
The construction of covariant open superstring field theory based on the RNS formalism [1] has been a long-standing problem due to the complications coming from the concept of 'picture'. In Witten's original proposal [2] for cubic superstring field theory, which was the natural extension of his bosonic cubic string field theory [3] , the NS string field was taken to be in the 'natural' −1-picture. However, it turned out that this theory suffered from contact-term divergences at the tree-level caused by the colliding picture-changing operators [4] . About 10 years later, Berkovits found a way to construct a gauge-invariant NS open string field theory action without making use of the picturechanging operators [5] . However, it has been realized that it is impossible to include the Ramond (R) sector string field in the action in a manifestly ten-dimensional Lorentz covariant manner without introducing the picture-changing operations [6] . Furthermore, its ten-dimensional supersymmetric structure still remains unclear.
2
Before Berkovits' discovery, in 1990 more conservative method of modifying Witten's cubic theory had been proposed [8, 9, 10] . There, the NS string field was defined to carry picture number 0 so that the quadratic vertex had the same picture-changing operator insertion as the cubic vertex. In spite of containing the picture-changing operators in the action, it was shown [9, 10] that this theory is free from contact-term divergence problems. With the help of picture-changing operators, we are able not only to include the R sector string field of picture number − This work is also motivated by the desire to investigate the proposed form of vacuum superstring field theory [14] within the level truncation scheme, because no exact D-brane solutions have been found in this theory so far.
Besides, we have found that there have been very few reports on how the reality of the action is guaranteed by imposing appropriate conditions on the string fields. We will answer this question using the CFT method for all three proposals for superstring field theory.
This paper is organized as follows. In section 2 we calculate the cubic superstring field theory action for the NS(+) massless sector, and show that, even though the c 0 L m 0 term is absent, the correct Maxwell lagrangian can be reproduced after integrating out the auxiliary fields. In section 3 we discuss how to include the NS(−) states in the action, paying attention to the problem of fixing sign ambiguities. Section 4 is devoted to the discussion about the reality conditions on the string fields. In section 5 we re-examine the non-trivial vacuum solutions previously obtained in the non-GSO-projected [15] and GSO-projected [16] theories in the level truncation scheme, and present a (new) spacedependent kink solution of codimension 1 on a non-BPS D-brane at the lowest level. In section 6 we perform the level-truncation analysis in vacuum superstring field theory. We summarize our results in section 7. The explicit expressions for the component action and technical remarks about the computations involving X µ are collected in Appendices.
NS(+) Massless Sector
We begin with the detailed study of how the massless gauge field, which belongs to the NS(+) sector, is described in the modified cubic superstring field theory. Some results have already been shown in the literature [17, 18] , but since we are using different conventions from theirs, we will explicitly write them down. The action for the NS(+) string field A + is given by [8, 9, 10 ] 4 For earlier studies on tachyon condensation, see [13] where Y = c∂ξe −2φ is the inverse picture-changing operator 5 and f • A(z) denotes the conformal transform of the vertex operator A(z) by the conformal map f . Concretely, for a primary field A of conformal weight h we have f • A(z) = (f ′ (z)) h A(f (z)). The conformal maps appearing in eqs.(2.2), (2.3) are
k (z) = h −1 e It then follows that the action (2.1) is invariant under the gauge transformation
where Λ is an infinitesimal gauge transformation parameter.
It is important to decide whether the overall multiplicative factor in front of the action (2.1) should be positive or negative, because it cannot be absorbed by the redefinition of the real string field. We cannot answer this question at this point, and it should be determined by looking at the sign of the kinetic term of the physical component field, as will be done. 5 It is possible to employ the following 'chiral' double-step inverse picture-changing operator [9, 10] 
as Y −2 , instead of the 'non-chiral' choice Y (i)Y (−i). However, it is known that the cubic theory with Z has some problematic features: For example, the massless part of the free action does not reproduce the conventional Maxwell action [17] , and the insertion of Z breaks the twist symmetry of the string field theory action [19] while Y (i)Y (−i) preserves it. We will therefore focus on the non-chiral choice in this paper.
For the superconformal ghost sector, we will entirely be working in the 'fermionized' language 6 without referring to the original bosonic βγ-ghost system. But we would like to make a remark on the fermionization formula 7 here. β and γ are fermionized as 8) where
and
(ψ 2a ±iψ 2a+1 ) (a = 1, 2, 3, 4). Since N F is an operator that counts the number (mod 2) of the world-sheet fermions ψ µ , b, c, ξ and η, (−1 ) appears that almost all the calculations in the literature have been performed using this 'abbreviation rule'. Also in the rest of this paper we will simply regard e qφ with odd q as fermionic, instead of explicitly writing the cocycle factor (−1)
We define the ghost number current j gh and the picture number current j pic as
Given the OPEs
10)
6 Alternatively, we can write the whole theory in terms of the βγ ghosts, because this cubic theory is formulated within the "small" Hilbert space (namely, without introducing the zero mode of ξ). For example, the inverse picture-changing operator can be written as Y = cδ ′ (γ), with δ ′ (γ) satisfying the property γδ ′ (γ) = −δ(γ). 7 The author would like to thank T. Kawano and I. Kishimoto for useful discussion on this point.
the assignment of the ghost and picture numbers for the ghost fields is found to be
The string field A + is defined to be a Grassmann-odd element in the state space of the 2-dimensional conformal field theory, consisting of states of ghost number 1 and picture number 0. At the massless level, it is expanded as
where |0 denotes the SL(2, R)-invariant vacuum. The reality condition on the string field implies the following reality conditions for the component fields (see section 4 for details),
where * denotes the complex conjugation.
We will now show the detailed calculations of the quadratic action, i.e. rewriting the action (2.1) in terms of the component fields appearing in (2.11) . In the Abelian case no cubic interactions among the massless fields (2.11) survive due to the twist symmetry. First, we have to compute the action on A (0) + of the BRST operator 13) where the energy-momentum tensors T m , T φ and the matter supercurrent G m are
14)
After lengthy calculations we reach
where we have used the OPEs 
The on-shell conditions are obtained from Q B |A (0) + = 0. The full set of resulting 15 equations, however, must be highly redundant because we have only five independent fields. First we choose as four independent equations the non-dynamical ones derived from the expressions (2.16)-(2.19), Let us consider the gauge degree of freedom. The gauge parameter Λ, which has ghost number 0 and picture number 0, has only one component λ at the massless level,
At the linearized level, the gauge transformation law (2.7) reduces to
Comparing it with the expansion (2.11), we can read off the gauge transformation law for the component fields: Plugging (2.21)-(2.23) into (2.11), we get
This 'on-shell' vertex operator in fact coincides with the one obtained by acting with the picture-raising operator
on the massless vertex V in the −1 picture,
Generically, lim z→w X(z)V (w) contains a divergent piece:
However, this divergent contribution can be removed by settingṽ(
, which is one of the field equations obtained from the on-shell condition Q B V = 0. At the same time, the resulting expression agrees with (2.27) if we identifyÃ µ with A 2 µ . Let us return to the computation of the action. Noting that ∂X µ e ikX , ∂c and ∂φ are no longer primary fields, we find
The final step is to substitute the expressions for Q B A
+ (z) and I • A
and evaluate numerous correlators using the OPEs (2.10), (2.20) and the normalization (2.6). The fully off-shell action for the massless component fields finally becomes
where η µν = diag(− + . . . +) is the spacetime metric. The set of five equations of motion derived by varying the action with respect to the field variables coincides with the previous one which has been found from Q B A 
with V denoting an arbitrary vertex operator made out of the matter fields, because ∂ξ(i)∂ξ(−i)η(−1/z)η(z) ξη = 0 for any z. Nevertheless, the usual kinetic term for the physical gauge field A 2 µ can be obtained after integrating out the auxiliary fields by their equations of motion:
where we have Fourier-transformed to the position space as
and F µν is the field strength tensor for the gauge potential,
µ (x). Needless to say, the action (2.34) is exactly the Maxwell action we are familiar with. Here, we can at last answer the question raised at the beginning of this section: Since the above kinetic term for the gauge field is accompanied by the standard coefficient − 1 4 , we conclude that the sign of the overall multiplicative factor in front of the string field theory action should be plus, as already indicated in eq.(2.1), if we use the normalization convention (2.6) of the correlator.
Including the GSO(−) Tachyon

Precise definition of the vertices
The defining property of the GSO(−) states is that they have odd world-sheet spinor numbers, where we assign to ψ µ , e qφ world-sheet spinor numbers 1 and q, respectively. If we restrict ourselves to the subspace of ghost number 1, it then follows that the GSO(−) string field A − is Grassmann-even and contains states of half-integer-valued conformal weights. First of all, since A − has different Grassmannality from the GSO(+) string field A + , it seems that they fail to obey common algebraic relations. This problem can be resolved by attaching the 2 × 2 internal Chan-Paton matrices to the string fields and the operator insertions as [20, 21, 22 ]
Due to the fact that A − has half-integer weights h − , A − changes its sign under the conformal transformation R 2π representing the 2π rotation of the unit disk, namely
This in particular means that an additional minus sign arises in the cyclicity relation,
Then, the cubic superstring field theory action including both NS(±) string fields can be written as [15, 22] 
However, the last two terms still have sign ambiguities because of the square-roots in the conformal factors
The authors of [21] proposed a natural prescription to this problem in the case of the disk representation of the string vertices, and in addition showed how to translate it into the UHP representation:
If the conformal maps f (n) k defining the n-string vertex have the property that all f (n) k (0) are real and satisfy f (n)
then we should choose the positive sign for all (f
In this paper we will follow this prescription and write down explicit expressions for the 2-and 3-string vertices. For the 3-string vertex, the prescription (3.6) can immediately be applied because our definition (2.5) of f
Hence we take (f
In the case of the 2-string vertex, however, we have to be more careful. We define R θ to be a conformal map corresponding to the rotation of the unit disk by an angle θ,
which forms an Abelian subgroup of SL(2, R). Noting that the inversion can be expressed as
In order to make the above prescription applicable, we use the SL(2, R)-invariance of the correlation function to rewrite the 2-vertex in the following way,
where we have defined z ≡ R 2ǫ (0) ≃ ǫ (> 0), and used the (de)composition law
In addition, we have assumed A, B to be primary fields for simplicity. Then, since f
2 (0) ≡ R 2ǫ (0), we can determine the prefactors of (3.10) to be
according to the prescription (3.6). As for the first factor, nothing prevents us from taking the limit ǫ → 0 + in advance, and it gives a factor of 1. Thus, we have finally found the 2-vertex to be given by
with the prescription for the conformal factor
where we have used |z| = z under z → 0 + . Consistency of the composition law R π = R −π • R 2π and the action of R 2π (3.2) then requires
For notational simplicity we shall use the conventional symbol
with the prescriptions (3.12), (3.13) included. That is to say, we define
Notice that
Once we have found which of the square-root branches we should choose, we no longer need to specify how to take the limit z → 0. To summarize, the 2-vertex is computed as
with the prescription (3.14). So far we have had zero-momentum vertex operators in mind. We need some special care for the treatment of the momentum factor e ikX , see Appendix B.
Action for the tachyons
In the space of ghost number 1 and picture number 0, there are three negative-dimensional operators c, γ, cψ µ . In this subsection we consider these 'tachyon sectors',
According to the prescriptions (3.14) and (B.6), the inversion I acts on A
Plugging (3.17)-(3.18) into the action (3.5), we get the component action for u, t, s µ as (3.20) where K = 3 √ 3/4. The standard kinetic term for the physical tachyon field t is obtained only after eliminating the auxiliary field s µ by its equation of motion
Substituting (3.21) back into (3.20) and Fourier-transforming it, we obtain
(3.22) where we have defined
Looking at the quadratic terms, we find that the physical tachyon field t has correct kinetic and mass terms. On the other hand, the field u lacks its kinetic term, so that it has non-dynamical equation of motion u = 0 at the linearized level. Therefore, u is indeed an auxiliary field and does not appear in the physical perturbative spectrum. Nevertheless u can have significant effects on non-perturbative physics through the cubic interactions with other fields.
We conclude this section by noting that, if we substitute (3.21) into (3.18), we again find that the resulting vertex operator
coincides with the one obtained by acting on the −1-picture vertex −ce −φ e ikX with the picture-raising operator X (2.28). Hence, in order to analyse the fully off-shell dynamics of this theory we should use the intrinsically 0-picture vertex operators like (2.11) and (3.18), instead of the picture-changed ones.
Reality Conditions
We go on to discuss the reality condition of the string field. As in the bosonic case, we represent it by combining the hermitian conjugation with the BPZ conjugation.
Preliminaries
In terms of vertex operators, the BPZ conjugation is nothing but the conformal transformation by the inversion I(z) = −1/z. However, as discussed in the last section, its action on operators of half-integer weight contains sign ambiguity. Here we define the BPZ conjugation as I with the prescription (3.14). Then, its action on the n-th oscillator mode ϕ n of an arbitrary primary field ϕ(z) becomes
which also holds for fields of half-integer weight (in which case n takes half-integer values in the NS sector). BPZ conjugation is a linear map (i.e. not accompanied by the complex conjugation), and preserves the order of operators. Since bpz satisfies bpz
the distinction between bpz and bpz −1 is important. Generically, for a field ϕ(z) of conformal weight h having the mode expansion ϕ(z) = ∞ n=−∞ ϕ n z −n−h , the hermitian conjugation, denoted by hc or †, is taken as (ϕ n ) † = ±ϕ −n , together with the complex conjugation on z, z † → z * . Then we have
where the upper sign is for a hermitian field and the lower sign for an antihermitian field. This sign must be chosen so as not to contradict the commutation relations
Noting that the hermitian conjugation reverses the order of operators as (AB)
In the state formalism, bpz and hc are conventionally used to represent maps from a vector space H to its dual space H * , while bpz −1 and hc −1 from H * to H. In terms of vertex operators, there is no such distinction, so bpz and bpz −1 differ only by (3.14).
In other words,
, c and γ are hermitian fields, while β is an antihermitian field. The hermitian conjugation is an antilinear map in the sense that (λA) † = A † λ * for λ ∈ C, and by definition it is idempotent, (A † ) † = A. Hence we do not distinguish hc from hc −1 .
In the following we will consider the composition map bpz • hc,
Notice that each z-derivative ∂ flips the hermiticity of fields: 6) which shows that the hermiticity of ∂ϕ is opposite to that of ϕ. The second term reflects the non-primary nature of ∂ϕ. In fact, in calculating the composition map bpz • hc this extra term is precisely cancelled and we have
In order to discuss the reality condition in the fermionized language, we must reveal the hermiticity properties of the ghosts ξ, η, e qφ . From the abbreviated form of the fermionization formula we have
If we require that they be consistent with the hermiticity properties of γ, β, namely
then it must be true that either η or e φ is antihermitian, and that both e −φ and ∂ξ are hermitian or antihermitian. Given that e qφ = 1+qφ+. . . contains the unit operator in it, one finds that e qφ cannot be antihermitian. In addition, it follows from the result (4.6) that the hermiticity of ∂ξ is opposite to that of ξ. All in all, we have found that:
: e qφ : (as well as φ) is hermitian : (:
The rules (4.9) are of course consistent with the commutation relation {η m , ξ n } = δ m+n,0 .
Reality of the NS actions modified cubic theory
Making use of the tools prepared in the last subsection, we discuss what conditions on the string field guarantee the reality of the cubic action. We will show that for the NS(+) sector in the 0-picture, whose structure is rather similar to that of bosonic string theory, the following condition on the vertex operator representation of the string field works well: 10) or equivalently,
(In the NS(+) sector the distinction between bpz = I and bpz
This in particular means that, by taking the limit z → 0, bpz • hc(|A + ) = |A + in the state formalism. As mentioned in section 2, the reality condition (4.10) on the string field A
+ (2.11) implies (2.12). Note that ∂c and ∂φ are antihermitian. Next we consider the NS(−) sector. From the form of the action (3.5) one immediately finds that the NS(−) string field A − enters the action only quadratically. It then follows that not only "real" string field but also "pure imaginary" string field gives rise to a real-valued action. We fix this ambiguity by requiring the real physical component fields to have the correct kinetic terms. Since we have obtained in the last section the correctly-looking kinetic term − (∂ µ t)
2 for the physical tachyon field t after eliminating the auxiliary vector s µ , we take this tachyon field to be real:
Together with the vertex operator to which the tachyon is associated, it satisfies 12) where in the last line we have converted the integration variable from k to −k. Extending it to the whole NS(−) sector, we impose the following reality condition on the NS(−) string field, bpz
where we must be careful to follow the sign convention (3.14).
Now we prove in the CFT language that the conditions (4.10), (4. 
Then, the complex conjugate of the quadratic part of the action is calculated as
where we have used the facts that Y (±i) is an antihermitian primary field of conformal weight 0, that the Grassmannality of A ± and that of Q B A ± are different so that they commute with no sign factor, and that the correlator is invariant under the SL(2, R) transformation I. This shows that the quadratic part is indeed real. To examine the cubic term, we expand the string field as A = Φ i , with each Φ i having a definite conformal weight h i . Then the cubic part of the action can be written as the sum of terms of the form
For simplicity we will assume Φ i 's to be primary, but the argument can be generalized to the non-primary case. Since the conformal factors (f
h are real and f
, we find
where we have used the reality conditions (4.11), (4.13) and the I-invariance of the correlator. The last expression of (4.17) is equal to S (i,j,k) thanks to the presence of the (i ↔ k) term. This completes the proof of the reality of the modified NS cubic action. Incidentally, the fact that the ordering of the operators has been reversed after taking the complex conjugation should be related to the orientation reversal appearing in the functional form of the reality condition
Witten's cubic theory
In Witten's original proposal for open superstring field theory [2] we propose the following reality conditions for the NS(±) string fields V ± in the −1-picture,
The − sign originates from the fact that the picture-changing operators X, Y are antihermitian. The easiest way to show how the above conditions work would be to demonstrate some examples: The vertex operators to which the tachyon and the massless gauge field are associated are ce −φ e ikX (∼ −Y · γe ikX ) and ψ µ ce −φ e ikX respectively, and they satisfy
so the conditions (4.18) lead to t(k)
is given by [2, 23, 19 ] 19) where the 2-string vertex · · · , · · · is defined by the simple BPZ inner product,
with the sign prescription (3.14), while the cubic interaction vertex is defined as 
Berkovits' non-polynomial theory
The string fields Φ ± in this theory have vanishing ghost and picture numbers, and in a partial gauge ξ 0 Φ ± = 0, Φ ± are in a one-to-one correspondence to the above −1-picture string fields V ± through Φ ± =: ξV ± : [5] . Therefore the reality conditions on Φ ± can be deduced from those on V ± as 20) because ξ is antihermitian and Grassmann-odd. The WZW-like action is given by
where in the last line we have expanded the exponentials in a formal power series. We will now give the proof of the reality of the action (4.22) in the GSO-projected case. The GSO(−) sector can be incorporated with a little more care. The action (4.22) can be arranged in the form
where we have used the cyclicity of the bracket. 10 Note that the factor of 1/2 has been compensated for by taking the trace. Upon expanding the string field Φ = Φ i as above, we find that, in order to prove the reality of the full action (4.23), it is sufficient to show that the specific combination
is real, where
From the reality condition for the GSO(+) string field (the upper sign of (4.20)) it follows that
If we further assume that Q B Φ 1 and η 0 Φ M +2 are primary, then the complex conjugate of L 1 is calculated as
where the conformal maps and the values of their derivatives at the origin are defined as k (z) than [21] . The complex conjugate of the conformal factor becomes
Plugging it into (4.26) and performing the SL(2, R) transformations I −1 and z → e πi z inside the disk correlator, we find
The two phase factors cancel each other because the sum of the weights is always an integer. Using
which precisely coincides with (−1)
real.
Application to Tachyon Condensation
Homogeneous tachyon condensation on a non-BPS D-brane
In this subsection we reconsider the problem of the static and spatially homogeneous tachyon condensation on a non-BPS D9-brane in the framework of level-truncated modified cubic superstring field theory, which was first investigated by Aref'eva, Belov, Koshelev and Medvedev [15] and further by Raeymaekers [19] . Its physical interpretation is, of course, the decay of the unstable D-brane. We assign to each component field φ i the level number defined by h i + 1, where h i is the conformal weight of the vertex operator to which φ i is associated, in such a way that the state of the lowest weight has level 0. Since the physical tachyon field t we want to investigate is at level 1/2 by this definition, we should start with the level (1/2, 1) approximation instead of (0, 0). 11 Let us first recall the mechanism of how the expected tachyon potential of the double-well form can be reproduced from the cubic action (3.5). The level (1/2, 1)-truncated tachyon potential V
,1) can immediately be obtained by setting u(x) and t(x) to constants in (3.22),
,1)
To obtain the effective potential for t we integrate out the auxiliary field u at the treelevel, i.e. by its equation of motion
The resulting effective tachyon potential becomes [15] 
which is quartic and really takes the double-well form (see Fig.1 ). In short, the tachyon potential with a qualitatively desirable profile has been obtained by integrating out an auxiliary field which sits at the level lower than the tachyon, despite the absence of genuinely higher order interactions in the action (3.5). This is in sharp contrast to the case of Berkovits' superstring field theory where the tachyon is the field of the lowest level and reproduces the quartic potential by itself [20] . In order to compare the depth of the potential with the D-brane tension quantitatively, we need a formula relating the open string coupling g o to the non-BPS D9-brane tensionτ 9 . By applying the method invented in [26] we have foundτ
in our convention. Then, the minimum value of the effective potential (5.3) can easily be evaluated as
According to the Sen's conjecture, the value of the tachyon potential at the minimum should cancel the tension of the unstable D-brane, so V (exact) eff min = −τ 9 . Hence we have found that about 97.5% of the expected value has already been reproduced at the lowest level of approximation. This behavior of the minimum value of the potential is again very different from the case of Berkovits' theory, where only 61.7% of the brane tension is obtained at the lowest level and the vacuum value gradually approaches −τ 9 as the level is increased [25] .
As shown in [15] , the modified cubic action (3.5) is invariant under the Z 2 twist transformation A ± → ΩA ± , where Ω acts on each L tot 0 -eigenstate as
Due to this twist symmetry, all the twist-odd fields (e.g. fields at levels 1, 3 2 ) can be set to zero without contradicting the equations of motion. (Note that the tachyon t and the auxiliary scalar u are twist-even.) Therefore we should include the level-2 fields at the next step.
At level 2, we have 9 independent component fields in the so-called universal basis,
where we are keeping the field v 9 bη∂ηe 2φ of φ-charge 2, which was dropped in [15] . Note that the reality condition (4.10) requires the component fields v i to be real. Substituting In the following we will try several gauge-fixing conditions.
The Feynman-Siegel gauge b 0 A ± = 0 First we choose the Feynman-Siegel gauge
which implies v 7 = v 8 = 0 at level 2. Its perturbative validity can be shown in the same way as in bosonic string field theory [27] . By extremizing the action (A.1) under the conditions v 7 = v 8 = 0 we can numerically look for the tachyon vacuum solution and calculate the depth of the potential. The results are:
We have also calculated the effective tachyon potential at each level, whose profile is shown in Fig.2 . The minimum value calculated at level (2,6) is surprisingly close to the expected value of −1 times the D9-brane tension, but we consider it as just a coincidence because it is not clear at all even whether the minimum value of the potential is really converging or not. The multiscalar tachyon potential at level ( , 5) in the Feynman-Siegel gauge has been calculated by Raeymaekers [19] . He argued that, although there exists a candidate tachyon vacuum solution, the branch of the potential on which the candidate tachyon vacuum exists does not cross the unstable perturbative vacuum (V eff (t = 0) = 0), so that it should not be considered as the correct tachyon vacuum solution. In fact, when we used his multi-scalar lagrangian to calculate the effective tachyon potential starting from the perturbative vacuum, we have found that the branch connected to the perturbative vacuum hits a singularity before it reaches a minimum (see Fig.3 ). In view of the result [28] obtained in bosonic string field theory, it may indicate that the Feynman-Siegel gauge choice is no longer valid beyond this singularity. If this is the case, we have to find a good gauge choice which works well at level ( [15] Aref'eva, Belov, Koshelev and Medvedev proposed the gauge choice 3v 2 − 3v 4 + 2v 5 = 0 such that the terms linear in v 6 should vanish, and in a subsequent paper [29] they studied the validity of this gauge in the level truncation scheme. With this choice, the equations of motion admit a solution with v 6 = 0, which makes the analysis much simplified. They also proposed that the string field configurations should be restricted to the space of φ-charge 0 or 1. That is, if we expand the NS string field as A = q∈Z A q according to φ-charge q, then we should set A q = 0 for q = 0, 1.
12 This means that the coefficient v 9 of bη∂ηe 2φ is set to zero. We refer to the conditions 3v 2 −3v 4 +2v 5 = 0, v 9 = 0 as 'ABKM gauge' below. As already claimed in [15] , the solutions at levels (2,4) and (2,6) coincide with each other in this gauge, and we find
which confirms their result.
In a pioneering paper [10] Preitschopf, Thorn and Yost proposed a gauge choice (which we call 'PTY gauge') 10) and showed that the correct tree-level scattering amplitudes were obtained in this gauge. We have also used this gauge to look for the non-perturbative tachyon vacuum solution. Since the present author does not agree with this proposal, we do not make this restriction anywhere else in this paper. 13 Although the minimum value was reported to be 105.8% in [15] , it should simply be a typo because we are using the same lagrangian as theirs (see Appendix A).
gauge condition (5.10) implies
With this condition, however, we have not found any suitable solution for the tachyon vacuum. For example, at level (2,4) we have found a solution with vevs u ≃ −0.446 and t ≃ 0.553, but its energy density is about 203% of the expected value. At level (2,6), we have found no solution around the above point in the field configuration space. This indicates that the PTY gauge may not be useful in searching for the non-perturbative tachyon vacuum solution.
Without gauge fixing
Finally we look for the tachyon vacuum solution without any gauge-fixing conditions. From Fig. 4 one sees that, at level (2,4) , the effective tachyon potential in this case shows a similar behavior to the Feynman-Siegel gauge potential (Fig. 2) . Its depth is about 109% of the expected D-brane tension. At the next level (2,6), however, the value of the tachyon field at the minimum becomes too large, although the potential depth ≃ −0.937τ 9 may seem to be reasonable. Hence it is doubtful whether the effective tachyon potential without gauge-fixing really converges or not.
The results obtained in this subsection are summarized in Table 1. level
−0.999584 -−0.937313 Table 1 : The depth of the tachyon potential calculated in several gauges (normalized by the non-BPS D9-brane tension).
Non-perturbative vacuum on a BPS D-brane?
Given that there exists a negative-dimensional operator c in the GSO(+) sector, one might wonder whether it induces a 'tachyon condensation' even in the GSO-projected theory, i.e. on a BPS D-brane. More than a decade ago, Aref'eva, Medvedev and Zubarev used modified cubic superstring field theory with the picture-changing operator Z (2.4) to explore such a possibility [16] . In this theory, the cubic self-interaction u 3 among the auxiliary field u does not vanish, so that the effective potential for u takes the 'cubic form' just like the tachyon potential in bosonic string field theory. Then it becomes possible for u to condense to the local minimum of its potential, though to our present knowledge we cannot give any physical interpretation to such a solution.
They also argued that the spacetime supersymmetry was spontaneously broken in this vacuum.
What happens if we carry out the same analysis in modified cubic superstring field theory with Y −2 = Y (i)Y (−i), which is of our interest? The GSO-projected action can be obtained simply by setting all the GSO(−) components to zero in the non-GSO-projected action (A.1). At level (2, 4) in the Feynman-Siegel gauge, the effective potential for u seems to have a minimum at u ≃ −0.476 (Fig. 5A) . However, this critical point, together with the singularity at u ≃ −0.952, disappears in the level (2,6) potential (Fig. 5D) . Furthermore, without gauge fixing, there is no extremum in the effective potential up to level (2, 6) (Fig. 6) . From these results, we conclude that there are no locally stable vacua to which the auxiliary field u condenses. This is in agreement with the expectation that the BPS D-brane is stable.
A brief survey of spatially inhomogeneous condensation
An efficient method for constructing lower-dimensional D-branes as tachyon lump solutions in bosonic string field theory was invented by Moeller, Sen and Zwiebach [30] , and it was shown in [31] that this method can also be applied to the case of Berkovits' superstring field theory where a kink solution on a non-BPS D-brane represents a BPS D-brane of one lower dimension. In this method we suppose that not only the oscillator non-zero modes but also the center-of-mass momentum e ikX contributes to the level. For example, ce ikX and ψ µ ηe φ e ikX have level numbers α ′ k 2 and α ′ k 2 + 1, respectively. The truncation of the string field at level N means that we drop all terms in the string field with levels higher than N. Let us consider the field configurations which depend only on one spatial direction, say x ≡ x 9 , and set k µ = 0 for all µ = 9. If we compactify the x-direction on a circle of radius R, the momentum k ≡ k 9 is discretized as k n = n/R. As a result, the total number of degrees of freedom remains finite at any finite level even after the inclusion of the non-zero momentum modes. The computational framework based on the above procedure is called 'modified level truncation scheme'.
Here we apply the above method to the modified cubic superstring field theory defined on a non-BPS D9-brane. By substituting
into the action (3.22) and extremizing it with respect to {u n , τ r }, we can find a solution which corresponds to the BPS D8-brane at the lowest level of approximation. More details are found in [31] . We show the two sets of results: level (
) for R = √ 3α ′ and level ( ) for R = 3 √ α ′ . From the tachyon profile t(x) shown in Fig. 7 , we see that the tachyon field correctly approaches one of the tachyon vacua in the asymptotic regions. The energy density T 8 of the kink solution relative to the BPS D8-brane tension 12) where f = −S/(2πRV 9τ9 ), and A kink , A 0 denote the kink solution and the tachyon vacuum solution, respectively. The expected value of r is, of course, 1. We have found
Although we again regard these close agreements as accidental, these results suggest that the modified cubic theory truncated to low levels captures the quantitative as well as qualitative features of the space-dependent tachyon condensation. It would also be interesting to calculate the energy distribution of the kink solution in the x-direction, as was done in [32] for the lump solution in bosonic string field theory.
From the definition of the modified level it is clear that the modified level truncation scheme cannot be applied to the study of time-dependent solutions, because the level number is not bounded below if we allow large time-like momenta k 2 < 0, by which the level truncation procedure itself is invalidated. Instead, using the oscillator-level truncation scheme (i.e. the action (3.22)) Aref'eva et al. found numerically a timedependent solution of cubic superstring field theory equations of motion in which the tachyon starts rolling from the unstable vacuum and approaches one of the tachyon vacua in the asymptotic future [33] . On the other hand, in bosonic string theory where the tachyon potential has its minimum at a finite distance away from the origin, nobody has succeeded so far in constructing a time-dependent solution with a desirable rolling profile (see e.g. [34, 35, 36, 37] ).
Level Truncation Analysis in Vacuum Superstring Field Theory
In bosonic VSFT, Gaiotto, Rastelli, Sen and Zwiebach showed by the level truncation analysis that there exists a spacetime-independent solution whose form, up to an overall normalization, converges to the twisted butterfly state [38] . It is believed that this solution corresponds to a spacetime-filling D25-brane. This result can be considered as a piece of evidence for the usefulness of the level truncation calculations in VSFT. Here we will try a similar analysis in vacuum superstring field theory.
Cubic vacuum superstring field theory
Following an earlier work [22] , we proposed the following form of Q as a candidate kinetic operator 14 of vacuum superstring field theory [14] :
with ε r → 0 and q 1 is some unknown constant. This operator was constructed such that:
• Q should satisfy the axioms such as nilpotency, derivation property and hermiticity in order for Q to be used to construct (classically) gauge invariant actions,
• Q should have vanishing cohomology in order to support no perturbative physical open string degrees of freedom around the tachyon vacuum,
• Q should preserve the twist symmetry of the action,
• Q even should be non-zero in order that the VSFT action does not possess the Z 2 GSO symmetry under A − → −A − , because such a symmetry should be spontaneously broken after the tachyon condenses to one of the stable vacua (Fig.8) .
In spite of some efforts [39, 40, 41, 14] , no exact solution representing the unstable D9-brane has been found so far.
Cubic vacuum superstring field theory action is given by
The relative sign between Q
GSO(+) even
and Q
GSO(−) even
, which is fixed by requiring that Q satisfies the hermiticity, is different from that of ref. [14] because we are obeying different sign conventions for the 2-string vertex: (I ′ (z)) h = z −2h here while (I ′ (z)) h = e 2πih z −2h there. A ± of the string fields, the VSFT action can be arranged as
where
bγ 2 (z) and ǫ ≡ q 1 ε r . Inserting the expansion
4)
A − = tηe φ , into (6.3), we obtain the action truncated up to level (2, 6) . Explicit expression of it is shown in Appendix A.
Up to level (2, 4) , the GSO(+) fields can be integrated out exactly. In the Siegel gauge v 7 = v 8 = 0, the resulting effective potential for t becomes
Note that the potential is no longer an even function of t as a consequence of the presence of Q even . From the profiles shown in Fig.9 , it is clear that there are two translationally invariant solutions at each level, one of which (maximum) would correspond to the unstable D9-brane, while the other (minimum) to 'another tachyon vacuum' with vanishing energy density. If we did not impose any gauge-fixing condition, we would obtain the effective potential shown in Fig. 10 at level (2, 4) . In this potential there is no clear distinction between the maximum and the non-trivial minimum. Hence we proceed by choosing the Siegel gauge. At level (2,6) we can no longer analytically integrate out the massive fields. Instead of constructing the effective potential numerically, we solve the full set of equations of motion including that for t. In the Siegel gauge, we have found four real solutions. The field values and the potential height for each solution are shown in Table 2 . Comparing them with the level (2,4) solutions, we expect that the solution (1) would correspond to the maximum of the potential. However, it seems that there is no candidate solution for the minimum: The energy of the solution (3) is almost zero, but the vev of t is unaccetably too small. Therefore, although the seemingly desirable double-well potential was obtained at low levels, this success may not continue to level (2,6) or higher.
Non-polynomial vacuum superstring field theory
We also examine the vacuum superstring field theory action based on the Berkovits' formulation. It was argued in [42, 14] that the action around the tachyon vacuum should be given by simply replacing the kinetic operator Q B in (4.22) with Q,
Let us first consider terms with M +N ≥ 1. Since the conformal transformations of c(±i) and γ(±i) give rise to vanishing factors of (f
bγ 2 (z)⊗σ 3 , at least for Fock space states Φ. Incidentally, this is reminiscent of the pregeometric action proposed in [43] . For the quadratic vertex (M = N = 0) f (2)′ k (±i) is finite, so that the midpoint insertions can survive. From the above considerations, one sees that the Z 2 -symmetry breaking effect (i.e. Q even ) could come only from the GSO(+)/GSO(−) transition vertex
However, the actual calculations show that all the above Z 2 -breaking terms vanish for level-2 string field (in the Feynman-Siegel gauge)
As a result, the effective potential for the lowest mode t becomes left-right symmetric as shown in Fig. 11 . To make matters worse, there exist no real solutions other than Φ = 0. From a lot of examples we have learned that in the successful level truncation calculations the correct (expected) qualitative behavior is reproduced already at the lowest level, and the contributions from higher-level states only give small corrections to it. If we assume this empirical law in this case as well, we should attribute the above unwelcome result to the fact that there is no t 3 term in the action at level (0,0). However, to make the 3-string vertex (Q even Φ − )Φ − (η 0 Φ − ) non-vanishing for Φ − = tξce −φ we must modify the precise form of Q even . In particular, the insertion of the negative-dimensional operators to the open string midpoint does not fulfill this purpose. However, no alternatives are available now since it is very difficult to construct nilpotent Q with Q even = 0. 
Summary and Discussion
In the first half (sections 2-4) of this paper, we have examined the component structure of the superstring field theory action in some detail. We have explicitly shown that in modified cubic theory the correct Maxwell action (2.34) and tachyon action (3.22) are obtained after integrating out the auxiliary fields. We have specified the precise way of fixing the sign ambiguities arising in the conformal factors of the GSO(−) components in the case of the UHP representation of the string vertices. Furthermore, we have discussed the conditions on the string fields which guarantee the reality of the action, for all of modified cubic, Witten's cubic and Berkovits' non-polynomial superstring field theories, using the CFT method. The latter half is devoted to the level truncation analysis of the tachyon condensation problems. In modified cubic superstring field theory, though the tachyon potential on a non-BPS D-brane as well as its minimum is well constructed up to level (2, 6) in the Feynman-Siegel gauge, its extension to higher levels may be subtle. We have not found any gauge choice which seems particularly better than the Feynman-Siegel gauge. Restricting ourselves to the lowest level ( , 1), we have obtained the static kink solution representing a BPS D-brane of one lower dimension, whose energy density is remarkably close to the expected D-brane tension (∼101%). We have also verified that no such non-perturbative vacuum as was found in [16] in the theory with the picture-changing operator Z exists on a BPS D-brane if we employ Y (i)Y (−i) as the picture-changing operator which is preferable to Z. Lastly, we have investigated whether vacuum superstring field theory with the pure-ghost kinetic operator (6.1) can support the correct (expected) solutions in the level truncation scheme. Unfortunately, we have obtained disappointing results in both of cubic and Berkovits' non-polynomial theories.
In the study of tachyon condensation in modified cubic superstring field theory, we have found the following unusual features: (i) The potential depth and the kink tension are very close to the expected values already at the lowest level 1 2 , 1 , (ii) The vacuum energy does not seem to improve regularly as the truncation level is increased, (iii) The tachyon vacuum is not reached in the Feynman-Siegel gauge at level 5 2 , 5 [19] . These are in contrast with the results obtained in bosonic and Berkovits' theories (see [44, 25] ). We consider these behaviors should be attributed to the unconventional choice (0-picture) of field variables. More precisely, we would like to suggest the following interpretation: Let us recall that a solution Φ 0 in Berkovits' superstring field theory and a solution A 0 in modified cubic theory which share the same physical content are formally related through the map A 0 = e −Φ 0 Q B e Φ 0 (see [14] for details). Then, the low-lying fields in A 0 would receive contributions from various higher modes in Φ 0 , because the * -product mixes fields of different levels. Furthermore, since b 0 is not a derivation of the * -algebra, a Siegel gauge solution Φ 0 in Berkovits' theory does not in general map to a Siegel gauge solution A 0 in modified cubic theory. Given that the Siegel gauge solution for the tachyon vacuum shows the 'regular' behavior in Berkovits' theory [25] , the above consideration may give a possible explanation for all the strange behaviors (i)-(iii) of modified cubic theory, though we cannot prove it at all.
In light of the results obtained in the level truncation analysis of vacuum superstring field theory, it seems that the pure-ghost kinetic operator (6.1) fails to describe the theory around the tachyon vacuum. It is even possible that the pure-ghost ansatz for the kinetic operator is too simple to correctly reproduce the complicated D-brane spectrum of type II superstring theory. If this is indeed true, we have to look for a matter-ghost mixed kinetic operator which is suitable for the description of the tachyon vacuum. This would require us to make a fresh start for the construction of vacuum superstring field theory. make the replacements v 7 → 0, v 8 → 0, (Feynman-Siegel gauge) (A.4)
and then v 9 → v 7 . Ours, however, does not coincide with the result of Aref'eva et al.
(version 3 of [15] ) even after setting
In view of our and Raeymaeker's results, the − sign in front of the parenthesis in the last line of eq.(3.3) of (version 3 of) [15] should be +. If so, ours and theirs agree with each other.
The cubic vacuum superstring field theory action truncated up to level (2,6) is, after the rescaling A ± → (q Hence, when two X's are inserted on the boundary (z =z, w =w) we should have From the remark in the last paragraph, it would be natural to consider that the conformal factor of e ikX contains both contributions from holomorphic and antiholomorphic sides.
Then, since e ikX is a primary field of conformal weight α ′ k 2 , the conformal transform of e ikX by f should be given by
Otherwise, the phase of the conformal factor would be ill-defined for a general value of momentum. In the particular case of f = I (inversion), we have
Finally, the hermitian conjugation of e ikX(z) is defined to be
in accordance with (B.6). Note that there is no difference between z 2 and |z 2 | for real z.
We have performed all the calculations in the text according to the above rules.
